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Introduction

In this paper a description will be given of a class of
tests treated in chapter 4 of my thesis [@]. By means of these
tests the hypothesis Ho that kparameterseﬂ,...,@
inequalities

K satisfy the

(151) 8,<..0 €6

may be tested against the alternative hypothesis that at least

one value of i exists with @i>>91+1'
In the chapters 1-3 of my thesis a related problem is

treated namely the problem of estimating k unknown parameters

61""’@k’ known to satisfy

1. inequalities of the type: ?L(Gé)gta.(gj) ,

(1.2) 2, 1inequalities of the type:céggg(QJsgdL,
where, for each i=1,...,K, ?L(GL) is a given function of C%,
whereas Cy and di are given numbers, A special case of this
problem is e.g. the estimation of k parameters @q,...,ek,
known to satisfy the eqgualitiles @153...s§@k.

A description of this estimationproblem and its solution

has been given by J. HEMELRIJK [5]. The proofs may be found in

]

(4:;1) will be given in this paper in section 2, Section 3 con-

A description of the cléss of tests for the hypothesis

tains the speclal cases where Qiis



1. the parameter of an exponential distribution,

2. the variance of a normal distribution,

3, the mean of a normal distribution with known variance,

L, the length of the interval of a rectangular distribution,

Further an analogous distributionfree test, based on WILCO-
XON's two sample test, will be described,.
In this paper no proofs will be given; these may be found in

L[u].

Description of the tests

The situat%on to be considered may be described as follows.
Let 54”"’5k ) be k independent random variables and let, for
each 1=1,...,k , xig,(J’=1,...,ni) be n, independent observations
of X Let further, for each i=1,...,k, @i denote an unknown para=
meter of the distribution of X5
The hypothesis .
(2;1) HO : qu...éek
will be tested against the alternative hypothesis
(252) H : at least one value of i exists with e;>e, ..
This test is performed as follows. Let, for each 1=1,...,k="1, Ti
denote a test for the hypothesis
(233) H

against the alternative hypothesis

P e,
0,1 eig 141

(2;1) Hi : Qi>'@i+1 .

Let, for each i=1,.,..,k~1, ti denote the test statistic and Zi

the critical region of this test., Then ti is a function of Xy 4
2

X X ces X,
*e 1,ni’ 14+4,17 ¢ 1+1,nj

if tie Zi'
The test for the hypothesis HO then consists of rejecting HO if

, and H_ . 18 rejected if and only
+1 0,1t

and only 1f a value of 1 exists with,tie Zi‘
Now suppose that the tests Tqy...,Tk_q possess the following
properties. Let

1) Random variables are distinguished from numbers (e.g. from the
values they take in an experiment) by underlining their sym-
bols, .
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and let, for each i=1,...,k-1, the limit N
the conditions

i-—+co be taken under

lim n., = oo 5
H(‘-—boo 1
(2;6)
im n. =
Nl‘.—wo 1’11+1 ce ?

then we suppose that, for each i=1,...,k-1,

T B{tie Zgece i) s o, g
(257) 2. lin Pt e 2o <e b =0,
3. lim Pyt e Z.le;>e, =1

N, >0
Now 1t may ecasily bg proved (cf.{4]) that the test for the hypo~
thesis HO possesses the following properties. Let c(odenote the
slze of the critical region of the test for HO (i.e. let o< de-
note the probability, if HO 18 true, of rejecting HO), let

k
(2;8) n S&f Z ny
_ 1=" -
and let the limit n —>co be taken under the conditions
(2;9) lim n, = oo for each i=1,...,k ,
Nnyoo 1

then we have

2, the probability of rejecting Ho’ under the hypo-
(2510) thesis @1 Z ...<_@k,
3, the probability of rejecting HO, under the hypo-

tends to zero for n —» oo

thesis H tends to 1 for n —m e .

If, moreover, we suppose that, for each pair of values (1,Jj) with
1<

(2;11) P{t,€ 2, and t;€ zj\@

1= Ci4qr 85 = 85q)<
______________ < P{rezife; = ey yfop{egedjle; —ey 8,

2) P{A}l denotes the probability of event A.



W

then we have also (cf.[BJ and IA])

the probability of rejecting H_, under the hypothesis

(2512) k-1 07 -1 5
8, = v, =8, 182 2 «, — 5 F .
k=1
Thus if we take e.g, 2_ol, = 0,05 then we have
1=1

1. the probabillity of rejecting HO, if HO is true, is £ 0,05,
2., the probability of rejecting HO, under the hypothesis
G/] = eew = gk’ is ; 0,05 = %(0305)2 = Os04875'

Tests T, satisfying the conditions (2;7) and (2311) will be des-
cribed in section 3.

Examples

3.1 An exponential distribution with parameter Qi

We first consider the case that X; possesses, for each
i=1,...,k, an exponential distribution with parameter ei, i.e.

-0.X
(3.157) P{g{_is x} =1-e (x>0)
Now let, for each i=1,...,Kk,
n,
— def 1
(3.1;2) X, == — 2 X,
’ * By g b
then we take, for each 1=1,...,k-1, as a test statistic for the
hypothesgis Ho,i _
*441
(3.153) £, = —
%4
and for zi we take a critical region of the form ti;;ti " where
(cfa(2;5)) t, . satisfies i
7
(3,134) P{:c_igti,di e, = 91+’1} =,

Now (3.131) entails that, for each i=1,.,,,k, 2@iniii
)ﬁe—distribution with Qni degrees of freedom, thus Ei possesses,
for each i=1;,..,k-1, under the hypothesis ¢, = @, an F-distri-

possesses a

i 14+
bution with 2ni+1 and Eni degrees of freedom, Thus the critical
values t, may be found from a table of the F-distribution.

1,04,
It may easily be proved (cf.[&]) that these tests T

satisfy the conditions (2;7) and (2;11).

’]"“’Tk-"]



3.2 A normal distribution with variance @i

Now let, for each i=1,...,k, X, possess a normal distribution

with unknown mean . and variance 6 ., Then, 1if
i

ar 3,
Z:" ‘:‘J ?

2def 4§
1S -

we take, as a test statistic for the hypothesis H

Xy

(3.2:1) (i=ﬂ,;..,k)

0,1
(3.2;2) £y =—-§2-L2—w (i=1,...,k=1)
1+

Now £2L€§§4—'QOJ5LSS(Q) for cach i=1,...,k, a '%’ ~-distribution
with ni—1 degrees of freedom; thus, for cach I=1,.04,k=-1, Ei
possesses, under the hypothesis %f@i+1 an F-distribution with

1-1 and ni+4‘1 degrees of freedom, We again take critical re-
gions of the form t, >>tl o ,where t_l =, may be found from a

P

table of the F- dlstributlon
The proofs of (2;7) and (2;11) are identical with those of the
foregoing example.

Remark 3.2;1

.
It M is known then 52 is replaced by S’ i=£ Z: _1 ' }Ll

n, g% 2 h
where —~%;4-possesses a 7L ~digsiribution with n n, degrees of
;

freedom,.

3.3 A normal distyibution with mean @i and kKnown variance

We now consider the case that, for each i=1,...,k, xi possessw
€s a normal distribution with mean @i and known variance 0&2. Let,
for each i=1,.,.,k,

(3.357) X, &L L >«
then we take

(3'3;2) t, =i° - SE, (izqgtoogk"/l) o

The statistic tq possesses, under the hypothesis e = @ a

normal dlstributlon with zero mean and variance

1417



022 022 .
(3.353) o N(tyley m ey T wtEs (1)
We take a critical region of the form tiz’ti,dis then
\/ Gie ”&iﬂ
(3.3:4) ti,di = iﬁ ?ﬁf +'ﬁ;:; >
where ; 18 defined by
= 00
(3.3;5) e fe-*%xz dx = ot
o Ve
Thus ti,qn may be found bflmeans of a table of the normal distri-
bution, <+ It may easily be seen that this test satisfies (2;7).

Further Ei and Ed are, for j>i+1, independently distributed, 1.e.
(2;11) holds for each pair of values (1,j) with j>i+1. For j=1+1,
Ei and Ej possess a two-dimensional normal distribution with nega-
tive correlationcoefficient and 1t may easily be proved (cf.[?])

that (2;11) holds in this case.

3.4 A rectangular distribution between 0 and 8,

Finally, let, for each 1=1,,..,K; X possess a rectangular
distribution between O and ei> 0., Let, for each i=1,..45K;

(3.4;1) z. 8L rax x ,
r'q
&gy

then (cf.[{], chapter 2) zy is the maximum likelihocod estimate of

ei. In this case we take, for i=1,...,k=1,
4 “1
(3.4;2) t, =
L 24
with critical regions of the form t,=>t. .
1rety
Now we have (cf.D@)
n, n,
i n, i
141 If KL=,
@f“i> ET Ny
(3.4;3) tgat: a2 n
N TR P S
= 1 (1—04‘.)} ¢ 7Ny T
i+1

The proof of (2;7) and (2;11) may be found in [&].



3.5 An analogous distributlionfree test

In this section an analogous distributionfree test based on

WILCOXON's two sample test will be described. Let 51""’£k be

independent random variables, possessing continuous probability
distributions. Let further, for each i=1,.,.,K, Xy gooeesky
3

1
pe independent observations of x, and let (cf.[1])

i

der By Byaq 3)
(3-531) M= &5% Z sy Eg)
where

1 if z>0
(3.53;2) sgn z def 0O if z=0 ,

In the sequel of this section a test will be described for the
hypothesis Hé that KysesesX) DOSSESS the same probability dis-

tribution. This test is based on W W and 1g performed

42000 Mgaq
as follows. Let, for i=1,...,k-1, Hé ; denote the hypothesis

3
that Xy and X541 possess the same probability distribution and

let Z' denote a critical region of the form W,> W, where
1 i- l,di
. s 1 = 1 =
(3.553) Piu, € Qi}Ho,i} = P> Wi,ai\Ho,i§ o, .

Then the hypothesis Hé is rejected 1f and only if a value of i

exists with Wie zi.

For small values of 0y and 04 g the critical values wi o mey be
3

found from a table of the exact probability distributioniof Ei

under the hypothesis Hé,i (cf, e.g. L6] and [7]). For large va-

lues of ny and ni+ﬂﬂi 1s, under the hypothesis Hé 49 approxima-
tely normally distributed with zero mean and variénce

. 2 : = A
(3.5;34) o (ﬂi]Hoji) = 3 my0y (N +1).

Thus in this case an approximation to Wi
table of the normal distribution.

may be found from a
1Ry
Now let o, denote the size of the critical regilon of the test
forHé, i.e. let

Q

(3.5:5) S5 def Pgﬂie'zi for at least one value of ilHé}

G g ous me S e ow e e et

3) If U, 1s the test statistic of WILCOXON's two sample test, ac-

cording to H.B. MANN and D.R., WHITNEY L6], then W, = 20, -n;n

i i+1°



then it may be proved (cf.[ﬁ]) that
k-1 . k-1 o k-1
(3.536) 2. K, ‘E{Zo(% d X & 2. %, .
1=1 ¢ i=1 ¢ o i=1 °

Further the test for the hypothesis Hé possesses the following
properties, Let

de

I

(3.557) e, P{§i>'£i+1g (1=1,00.,k=1) ,

let the limit n ~—>oo be taken under the conditions.
(3.538) lim n, =00 for each i=1,...,k

oo L
and let H%,Hé and Hl denote the hypotheses

3

1. H, : for each value of 1 : 9£<:% s

1. ) 3 $ 1 L
(3.5;9) 2. Hy : at least one value of 1 exists with 8i>z >

for each value of i : e!¢% ,
3. H : -

=1

at least one value of 1 exists with ei 5

Then we have, (cf,[%]), for n — oo

1. the probability of rejecting Hé under the hypothesis
H%, tends to zero,
2, the probability of rejecting Hé under the hypothesis

(3.5510) Hé, tends to 1,
3. 1f e 1s sufficiently small for each value of 1 with
e{:%, the probability of rejecting H! under the hypo-
thesis Hé tends to a limit <1,
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